Abstract. We study certain spectral properties and the invariant subspaces for some classes of integration operators of Volterra type on the Fock space.
Introduction
For analytic functions f, g we consider the Volterra-type integration operator given by
The boundedness and compactness, as well as some spectral properties (such as Schatten class membership) of T g acting on various spaces of analytic functions of the unit disc D in C have been extensively investigated (see [2, 6] for Hardy spaces, [3, 5, 8, 17, 19] for weighted Bergman spaces, and [9, 10] for Dirichlet spaces, or the surveys [1, 20] and the references therein). Furthermore, the spectrum of T g on weighted Bergman spaces was recently characterized in [3] .
In this paper we consider the operator T g acting on the Fock spaces F p , p > 0 (here, the symbol g is an entire function with g(0) = 0). Recall that, for p > 0, the Fock space F p consists of entire functions f for which
The boundedness and compactness of T g follow by classical methods, and we include a sketch of their proofs in Section 3 for the sake of completeness. It turns out that, if p ≤ q, T g : F p → F q is bounded if and only if the symbol g is a polynomial of degree ≤ 2, while the necessary and sufficient condition for compactness is: g is a polynomial of degree ≤ 1. For p > q, the operator T g is bounded if and only if it is compact, and these are equivalent to the condition q > 2p p + 2 and g(z) = az for some a ∈ C.
In particular, this shows that the primitive of a function in F p is in F q for q > 2p/(p + 2), and this result is sharp. In Section 4 we turn to the spectral properties of T g . Regarding the Schatten class membership of T g | F 2 , we show that, provided it is compact, T g fails to be Hilbert-Schmidt, but it belongs to all classes S p for p > 2. Moreover, we prove that the spectrum of T g | F 2 is a closed disc centred at the origin whose radius depends on the symbol g. In the last section of this paper we characterize the invariant subspaces of the Volterra operator
which is a particular case of the operator T g , corresponding to g(z) = z. A complete description of the invariant subspaces of V , when acting on various classical spaces of analytic functions on the unit disc (Hardy spaces, weighted Bergman spaces, Dirichlet spaces) was obtained in [4] . We prove the Fock space analogue of these results, showing that the proper invariant subspaces of V :
where N is an arbitrary nonnegative integer.
Preliminaries
Recall that the point evaluation functionals are bounded on F p , p > 0. More precisely, for every f ∈ F p , we have
Moreover, the monomials z n / √ n!, n ≥ 0, form an orthonormal basis for F 2 , and therefore the reproducing kernel of F 2 is given by
The following straightforward fact will be used in our further considerations: for an entire function f , the maximum principle and the subharmonicity of |f | p ensure that
Moreover, if f (0) = 0, the above quantities are comparable to
The next proposition can be easily deduced from a result in [7] . We include a sketch of its proof for the sake of completeness.
Proposition 1.
For an entire function f : C → C and p > 0, the following holds:
Proof. It is enough to prove the claim for entire functions f with f (0) = 0. Indeed, the result for a general entire function f follows by applying (3) to z → f (z) − f (0). 
This is equivalent to
The integral on the right side is comparable to
Using this fact, relation (2) and the obvious inequality (a + b)
Hence one inequality in (3) is proven. We prove the reverse inequality by contradiction. Assume there exists a sequence of entire functions f n with f n (0) = 0 such
The expression (1+|z|) is bounded above and below on any compact set in C. Then by the subharmonicity of |f (z)| p and relation (5) we deduce that the sequence f n (z) converges to zero uniformly on the compact sets in C and, since f n (0) = 0, the same holds for f n . We now write relation (4) for each f n and we use (2) to get
for any R > 1. Letting first n → ∞ and then R → ∞ above we obtain a contradiction. Thus (3) holds.
Boundedness and compactness
The next theorem characterizes the boundedness and the compactness of T g .
Theorem 1. (i) For
(ii) Assume 0 < q < p and g ≡ 0. 
, and the boundedness of T g follows from the inclusion F p ⊆ F q . Let us now show that if g is constant, then T g is compact. To this end, let f n be a sequence of entire functions such that sup n f n p < ∞ and f n → 0 uniformly on compact sets in C. Also, let R > 0. An application of Proposition 1 yields
Since sup n f n p < ∞, we now let R → ∞ in the above relation to deduce that
Let us now prove the necessity. If T g is bounded, Proposition 1 yields
by subharmonicity and the fact that (1 + |z|) ∼ (1 + |λ|) for |z − λ| < 1. Since
2 /2 , the last relation above implies that
and hence g is an analytic polynomial of degree ≤ 2.
On the other hand, relation (7) shows that
which, in view of the previous considerations, forces g to be constant.
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(ii) The proof of the necessity follows a similar approach to the one in [14] . Assume T g is bounded and let (λ i ) ⊂ C be a uniformly separated sequence, i.e. inf i =j |λ i − λ j | > 0. Then, for any fixed radius R > 0, there exists a positive integer I(R) > 0 such that any disc of radius R contains at most I(R) points λ i . We also assume that (λ i ) is ε-dense for some ε > 0, i.e. every point in C is within ε-distance of some λ i . Then, for ε sufficiently small (see Theorem 8.2 in [13] for p ≥ 1 and Theorem 3.1 in [21] for 0 < p < 1), it follows that for any sequence (c i ) ∈ l p the function defined by
where the r i are the Rademacher functions on [0, 1] (see [14] ). Now denote
and use Fubini's theorem together with Proposition 1 to deduce
Since (λ i ) is ε-dense, it follows that the discs D(λ i , 2ε) cover C, and therefore
Since (c i ) ∈ l p was arbitrarily chosen, by the previous relation together with (8) we get
By subharmonicity we have
with constants depending on ε. We now raise both sides of the above inequality to the power p/(p − q), then we integrate on D(λ i , 3ε/2) and sum over i to get
Thus g is constant and q > 2p p+2 . Now let us prove that g constant and q > 2p/(p + 2) ensure the compactness of T g . As before, let f n be a sequence of entire functions such that sup n f n p < ∞ and f n → 0 uniformly on compact sets in C. Then, as in (6), for R > 0, we have lim sup
where the last step above follows by Hölder's inequality. As sup n f n p < ∞, we now let R → ∞ in the above relation to deduce that T g f n Throughout this section, we shall consider the operator T g acting on F 2 . Recall that an operator T acting on a Hilbert space belongs to the Schatten class S p , p > 0, if the sequence of eigenvalues of (T * T ) 1/2 belongs to l p .
Theorem 2. Suppose T g is compact. Then T g belongs to the Schatten class S p for all p > 2, but it fails to be Hilbert-Schmidt unless g is constant.
Proof. By Theorem 1, the operator T g is compact if and only if g is constant. Let us first show that T g fails to be Hilbert-Schmidt if g ≡ 0. Given an orthonormal basis (e n ) in F 2 , we have
We use this together with Proposition 1 to infer (see [11] ). For an orthonormal basis (e n ) of F 2 we have, as before,
by Hölder's inequality and since (e n ) is an orthonormal basis. The proof is now complete.
Let us now turn to the spectrum of T g : F 2 → F 2 . We assume T g is bounded, and hence g(z) = az 2 + bz, for some a, b ∈ C. Note first that for λ ∈ C \ {0}, the equation
has the unique analytic solution
Thus the resolvent set of T g consists precisely of those points λ ∈ C for which R λ,g is a bounded operator on F 2 . Furthermore, the investigation of the spectrum of T g is related to the behavior of the exponentials e g/λ , λ ∈ C \ {0}, as was first pointed out by Pommerenke [18] . Notice that for h ≡ 1 in the last relation above we get R λ,g 1 = e g/λ . Hence e g/λ ∈ F 2 whenever λ belongs to the resolvent set of T g . This provides a sufficient condition for a point λ to belong to the spectrum of T g . A necessary and sufficient condition will be easily obtained once we have proved the next lemma.
Lemma 1. Assume g(z) = az
2 + bz and |λ| > 2a. Then, for any entire function f , we have such that e g/λ f n 2 = 1 and e g/λ f n /z 2 ≤ 1/n for n ≥ 1. The last inequality together with (1) show that the sequence f n (z) converges to zero uniformly on the compact sets in C, and since f n (0) = 0, the same holds for f n /z. On the other hand, for R > 0, we deduce from (11) 
We first let n → ∞, and subsequently R → ∞, in the above relation to obtain a contradiction. Thus
The desired result for a general f can be easily deduced by applying the above inequality
Then the spectrum of T g is the closed disc centred at the origin and of radius 2|a|.
Proof. Let ρ(T g ) denote the resolvent set of T g . As mentioned before, if λ ∈ ρ(T g ), then e g/λ ∈ F 2 . A straightforward calculation using polar coordinates shows that, if |λ| < 2|a|, then e g/λ ∈ F 2 , and hence D(0, 2|a|) is contained in the spectrum of T g . Let us now prove that if |λ| > 2|a|, the formal resolvent R λ,g , given by (10) , is a bounded operator. If |λ| > 2|a|, then clearly e g/λ ∈ F 2 . We first apply Lemma 1, and subsequently Proposition 1, to deduce
which shows that R λ,g is bounded. Thus ρ(T g ) = {λ ∈ C : |λ| > 2|a|}.
Invariant subspaces of the Volterra operator
In the particular case g(z) = z, the operator T g becomes the Volterra operator
By Theorem 1, the operator V : F p → F p is compact. The aim of this section is to characterize the invariant subspaces of V . A closed subspace M in F p is called invariant for V if V M ⊂ M. We start with the following simple observation.
Remark 1. The spectrum of the Volterra operator is the set {0}.
Proof. Notice that V has no eigenvalues, since for any f ∈ F p \ {0} the function V f has a zero at z = 0 of one order greater than the corresponding order for f . Since V is compact and has no eigenvalues, its spectrum must be {0}. 
